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tion, which however applies strictly only in the gas 
phase. Neglecting all internal degrees of freedom 
of the molecules, the difference between AS0 for the 
protein Ag-Ab reaction and for the hap ten-Ab reac­
tion is written as28 

A(ASo) = (3R/2) In UfAgAbAWAWbi^Ag) (7) 

where AfAg, AfAgAb, AfHp, AfHpAb are the molecular 
weights of the protein Ag, the Ag-Ab aggregate, the 
hapten, and the hap ten-Ab aggregate, respectively. 
In the case of BSA-S-Ri, Af Ag = 70,000, and for the 
bivalent hapten AfHp = 564. This gives A(AS0) of 
— 14 e.u.; i.e., AS0IOr the protein Ag-Ab reaction 
would be 14 e.u. less positive, and AF0 4 kcal. /mole 

(28) Cf., S. Glasstone, "Textbook of Physical Chemistry," 2nd Ed., 
D. Van Nostrand Co., New York, N. Y., 19-16, p. 874. 

Introduction 
In the accompanying paper2 an extended physi­

cal chemical s tudy is presented of the interaction of 
a univalent protein antigen (Ag), BSA-S-Ri, with 
bivalent anti-R antibodies (Ab). This Ag-Ab 
system is relatively simple in tha t only two aggre­
gates, AgAb and Ag2Ab, may form. Estimates of 
equilibrium constants for the reactions forming 
these aggregates are obtained from light scattering 
experiments, which do not disturb the state of equi­
librium of the system, and also from an analysis of 
the schlieren pat terns of electrophoresis experi­
ments over a wide range of ratios of BSA-S-Ri and 
ant i-R Ab. In the electrophoresis experiments, 
however, partial separation of the components re­
sults in a continual disruption of the state of equi­
librium, and reactions may be expected to occur 
throughout the experiment to return the system to 
tha t s tate . These re-equilibration effects may 
therefore considerably influence the distribution of 
species in the schlieren pat terns. The major pur­
pose of this paper is to assess the significance of the 
apparent equilibrium constants which we have ob­
tained from the electrophoresis experiments on the 
BSA-S-Ri :anti-R system, by investigating these re-
equilibration effects with the aid of the theory re­
cently developed by Gilbert and Jenkins.3 Fur ther­
more, the results of this investigation are useful in 
the interpretation of similar electrophoresis experi-
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more positive, than for the hap ten-Ab reaction. 
The effect is therefore of the right order of magni­
tude. I t should be pointed out t ha t the existence 
of this effect is due to the particular choice of stand­
ard states, in calculations of AS0 and AFa, as solu­
tions containing 1 mole/1, of each of the components 
of the reaction. 
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ments with more complicated protein Ag-Ab sys­
t ems . 4 - 7 

The Gilbert-Jenkins theory considers a system of 
three species in equilibrium, represented by the 
equation 

A + B ^ = ± C (1) 

Now the BSA-S-Ri: anti-R system is more compli­
cated than this : it may be denoted by the simul­
taneous equilibria 

(a) A + B ^ I ± C (2) 
(b) A + C 7 " ^ D 

where A, B, C and D represent the Ag, Ab, AgAb 
and Ag2Ab species, respectively. Our justification 
for using the theory in this case is tha t it is the most 
nearly adequate t rea tment available and should 
provide at least reliable estimates of the effects pro­
duced by reequilibratiou reactions, particularly 
since under most conditions in the BSA-S-Ri: 
anti-R system, the molar concentration of Ag2Ab 
turns out to be less than that of AgAb. Further­
more, the mobilities and sedimentation constants 
of the two species are fairly similar,2'6'8 and since 
the species are therefore not well resolved from 
one another, they may effectively be treated as one, 
to a first approximation. We shall therefore ig­
nore the effects of reaction 2b in the calculations, 
and consider them qualitatively subsequently. 

(4) S. J. Singer and D. H. Campbell, THIS JOURNAL, 75, 5577 (1953). 
(5) S. J. Singer and D. H. Campbell, ibid., 77, 3499 (1955). 
(6) S. J. Singer and D. H. Campbell, ibid., 77, 4851 (1955). 
(7) M. C. Baker, D. H. Campbell, S. I. Epstein and S. J. Singer, 

ibid., 78, 312 (1956). 
(8) S. J. Singer and D. H. Campbell, ibid., 74, 1791 (1952). 
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Physical Chemical Studies of Soluble Antigen-Antibody Complexes. XI. An Analysis 
of the Resolution by Electrophoresis and Ultracentrifugation of a Univalent Antigen -

Bivalent Antibody System1 
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An analysis is presented, with the aid of the Gilbert-Jenkins theory, of the re-equilibration effects attending the resolution 
by electrophoresis and ultracentrifugation of a univalent antigen (Ag)-bivalent antibody (Ab) system. The calculations 
show that apparent equilibrium constants calculated from the free Ag area in the ascending electrophoresis patterns and the 
free Ab area in the descending are smaller than the true values, but by factors not much greater than the experimental error. 
An independent criterion is evolved for determining the magnitude of the reequilibration effects by a comparison of the free 
Ag areas in the electrophoresis and ultracentrifuge patterns, which should be widely different if the effects are important. 
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Should a more complicated theory become avail­
able, a more satisfactory treatment of the data in 
the accompanying paper2 can be presented. How­
ever, the Gilbert-Jenkins theory serves as a valu­
able guide in the interpretation of our experimental 
results, if due regard is paid to the limits of its ap­
plicability to our system. 

The Gilbert-Jenkins Theory.3—In this theoreti­
cal treatment of the effect of continuous partial 
resolution on a system represented by equation 1, 
it is assumed that the rates of the forward and 
backward reactions are essentially instantaneous. 
The effects of diffusion are neglected, and the effects 
of conductivity and pH changes which arise across 
boundaries during electrophoresis,9 and the John-
ston-Ogston effect10 in ultracentrifugation are ig­
nored. From this model, the following equations 
for the molar concentrations of A, B and C, at any 
position x in the cell after time t, are obtained, 
starting from an initially sharp boundary at x = 
0, / = 0. 

a = < 1 —— \ cosh2 7, (3 
X — 1 / sinh <p\ 2 

c = ab/k (5) 

where <p is a parameter denned by 

, 2(Fc - F A ) ( F C - VB) . . „ , 
C 0 S h V = ( V A - VBXV0 -x/t) " X ( 6 ) 

, _ 2Fc - ( F A + F B ) ,_, 

In these equations, VA, VB and Fc are the veloci­
ties of A, B and C, respectively, in the .x-direction; 
k is the reciprocal of the equilibrium constant for 
the reaction 1; $ is a constant determined by ao, h 
and Co, the original equilibrium concentrations of 
A, B and C, respectively, as 

, Vk - «o(\ - 1) + b»(\ + I)"] t , .0. 
* = <PO + , tanh .po (S) 

where ô is determined by 

Experimental and Theoretical Results 
Rates of Ag-Ab Reactions.—Before proceeding to the re­

sults of the application of this theory to the BSA-S-Ri: 
anti-R system, we may inquire whether one of the critical 
assumptions of the theory, that the rates of reactions are es­
sentially instantaneous, is actually met by this system. To 
determine the order of magnitude of the rates of re-equili­
bration reactions, the following experiments were per­
formed.5 A particular solution of BSA-S-Ri and anti-R was 
subjected to three different electrophoresis experiments in 
which the duration of the experiment was varied from 3560 
to 21,390 s e c , but the total number of coulombs passed in 
all experiments was the same. Further details of the ex­
perimental procedure may be found in the accompanying 
paper.2 If the half-times of these reactions were of the order 
of magnitude of the duration of the experiment, the three 
patterns should exhibit significant differences. On the con­
trary, however, the patterns (Fig. 1) are almost identical, 
any slight differences being attributable to different diffu­
sion times. This is borne out by a detailed area analysis of 
the patterns. Since other evidence indicates that Ag-Ab 

(9) L. G. Lon gs wor t h , / . Phys. Chem., 51 , 171 (1947). 
(V)) J. P. Johnston and A. G. Otfston. Trans. Faraday SoC, 42, 789 

(19415). 

reactions are relatively rapid,8'11'12 it is therefore clear that 
the half-times of the reactions in this system must be much 
smaller than 3560 sec. However, whether these rates are 
effectively instantaneous for the purposes of the Gilbert-
Jenkins theory cannot be determined from these experi­
ments. 

Theoretical Concentration Distributions in Electrophore­
sis.—To apply this theory to the electrophoresis experi­
ments described in the accompanying paper, we chose veloc­
ities for the different species to correspond closely to the 
electrophoretic mobilities of BSA-S-Ri and anti-R Ab at pH 
8.7, namely, F E

A e , FE
Ab and FE

AgAb equal to 6, 2 and 4 X 
10 - 6 cm. /sec . /v . /cm. , respectively, in both ascending and 
descending patterns.13 Three different values of the constant 
k were introduced, 1 X 10 ' 1 , 1 X 10~5 and 1 X 10"6, and 
various values of the original equilibrium molar concentra­
tions of Ag, Ab and AgAb compatible with a particular k 
value were considered which were similar to those investi­
gated experimentally.2 The predicted distribution of species 
for a few of these calculations is indicated in Fig. 2. The 
molar concentrations of the three species are plotted as func­
tions of the mobility, since the essential shape of this theo­
retical distribution is independent of time.? To compare 
these theoretical plots with the experimental diagrams of the 
BSA-S-Ri:anti-R system (Fig. 5 of ref. 2), the former must 
first be converted to concentration gradient curves and ex­
pressed in terms of weight rather than molar concentrations. 
I t should also be noted that because of the neglect of diffu­
sion in the theoretical treatment, some of the concentration 
gradients are infinite, that is, the boundaries are infinitely 
sharp. 

Several results of this theoretical analysis are particularly 
interesting. A system in which only reaction 1 occurs, and 
FcE = ( F A E + FB

E ) /2 , should exhibit, on a molar basis, cer­
tain symmetry properties. Consider two solutions related by 
the condition {a0/bo)i = (b0/a.0)u. If the electrophoresis 
patterns were based on a scale of molar concentration, rather 
than of weight concentration, the descending pattern of I 
should be identical with the ascending pattern of I I , and the 
ascending of I with the descending of I I . A certain degree 
of symmetry is indeed observed in the electrophoresis of the 
BSA-S-Ri:anti-R system, if one compares, for example the 
ascending patterns of Fig. 5 A and B of reference 2, with the 
descending patterns J and K. The alternative comparison, 
of the descending patterns of Fig. 5 A and B with the ascend­
ing patterns J and K, is not quite as satisfactory, althougli 
it should be recognized that these patterns arc based on a 
weight concentration scale and are therefore not strictly 
comparable in this connection. 

The Calculation of Apparent Equilibrium Constants from 
Electrophoresis Patterns.—An additional prediction of the 
theory is that the faster boundary in the ascending pattern, 
and the slower in the descending, should migrate with the 
mobilities of free Ag and free Ab, respectively. This we 

have observed experimentally in the BSA-S-Rr. anti-R sys­
tem.2 Furthermore, the changes in concentration across 
these particular two boundaries (the relative "a reas" under 
these peaks on a concentration gradient scale) which art-
predicted by the theory are both somewhat larger than their 
respective concentrations in the original equilibrium mix­
ture. To understand this qualitatively, consider the as­
cending limb of the electrophoresis cell. Since Ag and Ag-
Ab migrate faster than Ab, leaving the Ab behind, the aggre­
gate must react to produce more Ab and Ag to recover the 
equilibrium state. This results therefore in the increase in 
the area under the free Ag peak. A corresponding situa­
tion exists in the descending limb, which causes the free Ab 
peak to increase in area. 

In the experimental investigation of the BSA-S-Ri:anti-
R system,2 the observed areas under the free Ag peak in the 
ascending, and the free Ab peak in the descending patterns, 
were taken as a first approximation to represent the equilib­
rium concentrations of free Ag and free Ab, and values of 

(11) R. J. Goldberg and D. H. Campbell, / . Immunol., 66, 79 
(1951). 

(12) B. Gitlin and H. Edelhoch, ibid., 66, 67 (1951). 
(13) T h e superscript E distinguishes the velocities applying in elec­

trophoresis from those in ultracentrifugation. 

c o s h <pti = 
VIa0(X -" l . ) + Au(X " + T j - 2k}- + Si(X + I)S0 + ,J0(X - 1) + 6»(X + t) 

(9) 
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apparent intrinsic equilibrium constants, Kx, were calcu­
lated from these data. I t is clear that these values of Ki are 
too small, since the true concentrations of free Ag and Ab 
are overestimated by this procedure. In order to obtain an 
estimate of the difference between such apparent Ki values 
and the true ones, the following procedure was applied to 
the theoretical distributions such as those of Fig. 2. The 
calculated "a rea s " under the free Ag and free Ak peaks in 
the ascending and descending limbs were used to determine 
apparent Ki values to compare with the originally assumed 
true value, Kt = 1/k. These calculated apparent Ki values 
are summarized in Table I, for a number of initial ratios of 
free Ag to free Ab, and for several values of Kf I t is seen 
that these apparent K\ values are between l/s and Vs the true 
values in the range K1 = 104 to 106; the larger the value of 
Ku the smaller K-JKf 

The .STj values calculated from the apparent free Ag area 
increase slightly with an increase in the Ag/Ab ratio in the 
solution, while those calculated from the apparent free Ab 
area decrease slightly. In the experimental BSA-S-Ri: 
anti-R system, on the contrary, both sets of Ki values de­
creased considerably with an increase in Ag/Ab ratio. We 
therefore considered this trend significant and suggested 
possible explanations for it in the accompanying paper.2 

The Reaction Boundary in Electrophoresis.—Besides the 
free Ag boundary in the ascending patterns and the free Ab 
boundary in the descending, the theory predicts that an­
other, more complicated, moving boundary should be pres­
ent in each limb. Across this boundary all three species 
Ag, Ab and AgAb simultaneously undergo changes in con­
centration (Fig. 2). Longsworth has suggested" that in 
general this type of boundary be termed a "reaction bound­
a r y . " I t would take us too far afield, in view of the limited 
objectives of this paper, to give in detail the results of our 
calculations of the properties of the reaction boundaries in 
this system. I t is of interest, however, to discuss briefly 
two important features of these boundaries, namely, their 
mobility and breadth, as derived from these calculations. 

TABLE I 

CALCULATED APPARENT EQUILIBRIUM CONSTANTS FROM 

ELECTROPHORESIS 

[Agio-
X 105 

2 
3 
4 
5 
6.67 

10 

0.74 
1.04 
1.65 
2.60 
3.68 

0.27 
.38 
.60 
.95 

1.34 
" [Ag], 

free Ag, 

[Ab]0" 
X 10s 

10 
6.67 
5 
4 
3 
2 

3.68 
2.60 
1.65 
1.04 
0.74 

1.34 
0.95 

.60 

.38 

.27 

[AgAbIo" 
X 10» 

Kt X 

2 
2 
2 
2 
2 
2 

Kt = 

2.7 
2 .7 
2.7 
2.7 
2.7 

Kt = 1 

3.6 
3.6 
3.6 
3.6 
3.6 

Ascend. 

10* 

0.35 X 10« 
.40 
.42 
.44 
.46 
.48 

106 

0.22 X 10b 

.28 

.35 

.41 

.43 

X 106 

0.17 X 106 

.21 

.29 

.38 

.42 

•Ki . 
Descend. 

0.48 X 104 

.46 

.44 

.42 

.40 

.35 

0.43 X 106 

.41 

.35 

.28 

.22 

0.42 X 10« 
.38 
.29 
.21 
.17 

j , [Ab]0, [AgAb]0 are the molar concentrations of 
free b and of aggregate initially present in equilib-

rium in a solution. 

The value of the average mobility of the reaction bound­
ary is between F E

A g a n d FEAeAb in the descending; limb, and 
between KE

Ab and FE
AgAb in the ascending. This mobility 

increases in both the ascending and descending limbs, as the 
ratio of Ag to Ab in the original solution increases. The 
breadth of the reaction boundary, which may be conven­
iently defined in this context as the range of mobility across 
which the concentrations of the three species simultaneously 

(14) Persona l c o m m u n i c a t i o n . 

(a) 

(b ) 

(o> 

DESC. 

Fig. 1.—Electrophoresis patterns of the same BSA-S-Ri: 
anti-R mixture at a weight ratio of 0.89 in barbital buffer, 
pK 8.67, r / 2 0.1 after: (a) 3560 sec. at 0.0120 amp.; (b) 
10,700 sec. at 0.0040 amp.; (c) 21,390 sec. at 0.0020 amp. 
Starting positions and directions of migration are indicated 
by arrows. 

undergo change, is always less than FEAbAg — FEAb in the 
ascending, and F E A 8 — FEAbAg in the descending limb. The 
breadth increases markedly with an increase in the associa­
tion constant 1/k in the range 1 X 10« to 1 X 10". At a 
given value of 1/k, the breadth of the descending reaction 
boundary increases, and of the ascending decreases, as the 
ratio of Ag to Ab in the original solution increases. 

Of special concern for our purposes are the reaction 
boundaries in the case that 1/k = 1 X 101, which is the value 
most nearly appropriate to the BSA-S-Ri:anti-R system.8 

The calculated breadths of these boundaries (Fig. 2) are rela­
tively small, no greater than about 0.3 mobility unit at ex­
treme Ag/Ab ratios. Only for 1/k = 1 X 106, does the 
breadth attain values in excess of 1.0 mobility unit. This is 
in contrast to the experimental behavior of the BSA-S-Ri: 
anti-R system (Fig. 5 and Table I I , ref. 2), for which the re­
action boundaries, generally exhibiting two or more max­
ima in each pattern, are spread over a range of 2.5 to 3.0 
mobility units. The neglect of diffusion iri the theoretical 
treatment cannot alone account for this discrepancy, which 
may be in part the result of reactions involving the (Ag^Ab 
aggregate (equation 2b); or the reaction rates in this system 
may indeed not be effectively instantaneous as required by 
the theory. 

Re-equilibration Effects in TTltracentrifugation.—Up to 
this point, our attention has been focused on electrophore-
tic studies. A few ultracentrifuge experiments were also 
carried out with the BSA-S-Ri:anti-R system,' and it is 
therefore of interest to use the Gilbert-Jenkins theory to de­
termine the behavior of the corresponding model system dur­
ing ultracentrifugal resolution. The same equations 3-9 
previously used apply, the only differences being the values 
of Vxt, T̂Ab and 7AgAb, now denoted by Vs, and taken to be 
equal to 4, 7 and 9 svedbergs, respectively, to correspond to 
our experimental system.16 

(15) F . A. Pepe and S. J. Singer, T H I S J O U R N A L . 78 , 4583 (1950). 



3890 S. J. SINGER, FRANK A. PEPE AND DAVID ILTEN Vol. 81 

Mobility x IO5 tmVsec/v. Mobility x 10s cm»/sec/v 

Fig. 2.—Theoretical concentration distributions in ascending and descending electrophoresis patterns of the system Ag 
+ Ab <=± c described in the text. In each pair of diagrams, the following values of [Ag]o, [Ab]0, C0 and k, all X 106, apply 
respectively: (A) 2, 10, 2, 0.1; (B) 4, 5, 2, 0.1; (C) 0.74, 3.68, 2.7, 1.0; (D) 1.65, 1.65, 2.7, 1.0; (E) 0.27, 1.34, 3.6, 10; 
(F) 0.60, 0.60, 3.6, 10. See also Table I. 

The differences in the theoretical re-equilibration behav­
ior of the model system during electrophoresis as compared 
to ultracentrifugation turn out to be due primarily to the 
condition that in the former case VExe > T̂ AgAb > FEAb, 
whereas in the latter, K8AgAb > ^8Ab > ^8Ag- Since the 
AgAb aggregate is the most rapidly sedimenting species, 
it leaves behind a region in which the free Ag and free Ab 
react to produce more aggregate. This has the important 
consequence that the free Ag "area" in the theoretical ultra-
centrifuge pattern is less than that corresponding to the 
original equilibrium free Ag concentration. The larger the 
value of 1/k, the greater the relative diminution in the free 
Ag area. Examples of the results of these calculations are 
given in Table II. 

This effect provides, therefore, a useful test of the impor­
tance of reequilibration reactions in our experimental sys­
tem. The relative free Ag area in the ultracentrifuge pat­
tern of a particular solution should be less, whereas the rela­
tive free Ag area in the ascending electrophoresis pattern 
should be greater, than the equilibrium value. These calcu­
lations show that the disparity between the ultracentrifu-
gal and electrophoretic results on the same solution should 
increase with an increase in 1/k and should be particularly 
prominent at low Ag/Ab ratios, if re-equilibration reactions 
are significant. On the other hand, this test is limited ex­
perimentally by the relative inaccuracy of area measure­
ments of ultracentrifuge patterns, as well as by the various 
anomalies which affect both electrophoresis and ultracentri­
fuge area distributions.9'10 

In the BSA-S-Ri: anti-R system, both ultracentrifuge and 
electrophoresis experiments were performed with three solu­
tions of different Ag/Ab ratios (Fig. 4 of ref. 2). For one of 
these solutions, however, the degree of Ag excess was too 
large to permit sufficiently accurate relative free Ag area 
measurements from the ultracentrifuge patterns. From 
the ultracentrifuge patterns for the other two solutions, the 
apparent free Ag concentrations were found to be 14 and 36% 
of the total protein, whereas the corresponding ascending 
electrophoresis values, corrected to the same total protein 
concentration as the ultracentrifuge experiments, were 14 
and 33%, respectively. This similarity of the two values 
for each solution indicates that the effects of re-equilibra­
tion reactions are small in this system, which is probably pri­
marily due to the relatively low value of 1/k which applies. 

Discussion 
One of our primary objectives in this paper is to 

determine the significance of the intrinsic equilib­
rium constants, Ku calculated2 for the BSA-S-Ri : 
anti-R system from the apparent free Ag and free 
Ab areas in the ascending and descending electro­
phoresis patterns, respectively. This problem has 
been examined by two means. First, insofar as the 
Gilbert-Jenkins theoretical model applies to the 
BSA-S-Ri: anti-R system, the calculations of Table 
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TABLE II 

CALCULATED APPARENT EQUILIBRIUM 

[Ag]0" 

2 
5 

10 

1.04 
1.65 
2.60 

[Ag]1 

1 
4. 
9. 

0.41 
18 
27 

CONSTANTS 

SEDIMENTATION 
[Ab]0" [AgAb]0" 

Kt = 104 

10 2 3.2 
4 2 1.9 
2 2 1.7 

Xt = 106 

2.60 2 .7 4. 
1.65 2.7 2 
1.04 2.7 1 

X4 = 10« 

Ki 

X 10* 

1 X 105 

3 

0.38 0.068 0.95 3.6 9.0 X 10e 

0.60 0.38 0.60 3.6 2.6 
0.95 0.80 0.38 3.6 2.0 
" [Ag]0, [Ab]0, [AgAb]0 are the molar concentrations X 

105 of free Ag, free Ab and of aggregate initially present in 
equilibrium in a solution. b [Ag]app is the apparent molar 
concentration X 105 of free Ag which would be observed in 
the ultracentrifuge pattern. 

I indicate that the average value of Ki = 1.0 ± 
0.5 X 104 obtained in the accompanying paper2 is, 
if anything, too small, but by no more than a factor 
of about V3. At the present time, such a factor is 
not much greater than the experimental error. 
Second, the calculations also reveal that re-equili­
bration effects should produce opposite results in 
the ascending electrophoresis compared to the ul­
tracentrifuge patterns: the free Ag area in the 
former should be greater than in the latter, with the 
true equilibrium value in between. No significant 
differences were found in the free Ag areas obtained 
by the two methods in the experimental system. 
We conclude, therefore, that the apparent Ki values 
calculated from the electrophoresis data in the ac­
companying paper are close to the true values. This 

conclusion was reached independently2 from the 
close correspondence of the equilibrium constants 
calculated from electrophoresis and light scattering 
experiments. 

That a difference is expected between the free Ag 
areas in the electrophoresis and ultracentrifuge pat­
terns is a result that is generally useful. It is valid 
independent of the Gilbert-Jenkins model and ap­
plies to multivalent Ag-Ab systems as well as to 
the simpler BSA-S-Ri :anti-R case. It is the result 
of the fact that Ag-Ab aggregates, whatever their 
composition or distribution, always have an elec-
trophoretic mobility between that of free Ag and 
free Ab,16 and always have a sedimentation constant 
greater than that of free Ag and free Ab. If re-
equilibration occurs to any significant extent in the 
ascending electrophoresis limb16 the aggregates 
must always react to produce more than the original 
equilibrium amount of free Ag, whereas in the ultra­
centrifuge, the free Ag must always be diminished 
below the equilibrium amount by reactions produc­
ing aggregates. 

With two multivalent Ag-Ab systems, BSA: 
anti-BSA5 and RBSA: anti-R,7 electropho-
retic apparent free Ag areas were found to be not 
greater than ultracentrifuge values. In fact, in 
the former system, the latter were slightly larger, 
probably due to the Johnston-Ogston anomaly. We 
may conclude therefore that in these systems as 
well, the apparent K1 values are close to the true 
ones. 

Acknowledgment.—We are grateful to Dr. R. C. 
Ll. Jenkins for helpful correspondence and advice. 

(16) If I VEAe I < I VEAb I . the roles of the ascending and descend­
ing limbs are reversed as compared to the BSA-S-Ri: anti-R system, 
where | V E

A s | > I VEKb | . 
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The thermodynamics of the ionization of the e-amino group of the single lysyl residue of insulin have been studied in order 
to determine whether or not this group is interacting with some other group in the protein. In order to separate the region of 
ionization of the lysyl residue from that of the four tyrosyl residues, the insulin has been iodinated. All of the tyrosyl resi­
dues have been converted to diiodotyrosyls, with no other apparent modification of the protein. By means of titrations in 
the alkaline p~R range at four temperatures and by the direct measurement of the change of pH with temperature, the en­
thalpy of ionization of the lysyl e-amino group of iodinated insulin has been found to be approximately 13 kcal./mole. For 
purposes of comparison, the thermodynamics of ionization of the amino groups of »-butylamine, lysine and alanyllysylalanine 
have been studied by the same methods. The enthalpy of ionization of the «-amino group in the protein agrees well with the 
values for the model compounds. The apparent pK's and entropies of ionization also agree as well as can be expected, in 
view of the uncertainties in the electrostatic corrections. If the lysyl group in the protein were involved as the donor in a 
strong hydrogen bond with some other group, increases of approximately 5 kcal./mole in the enthalpy and 13 e.u. in the 
entropy over the values observed in model compounds would be expected. These increases are not at all in evidence, indi­
cating either that no lysyl hydrogen bond is present in iodinated insulin or that the bond is too weak to be detected by the 
methods employed. 

Introduction 
The location of intramolecular interactions be­

tween specific side-chain groups of a protein mole­
cule could be of value in elucidating the spatial 
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configuration of the protein in solution. Insulin 
is a good subject for this type of study because its 
amino acid sequence, including the location of the 
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